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HIGHER-DIMENSIONAL KINEMATICAL LIE ALGEBRAS VIA DEFORMATION THEORY
JOSE´ M. FIGUEROA-O’FARRILL
Abstract. We classify kinematical Lie algebras in dimension D+ 1 for D > 3 up to isomorphism. This is part of a
series of papers applying deformation theory to the classification of kinematical Lie algebras in arbitrary dimension.
This is approached via the classification of deformations of the relevant static kinematical Lie algebra. We also classify
the deformations of the universal central extension of the static kinematical Lie algebra in dimensionD+1 forD> 3.
In addition we determine which of these Lie algebras admit an invariant inner product.
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1. Introduction
In a previous paper [1] we have presented an approach to the classification of kinematical Lie algebras based
on deformation theory, extending earlier work [2] for the galilean and Bargmann algebras. In [1] we recovered
the classification of Bacry and Nuyts [3] of kinematical Lie algebras in dimension 3+1, and extended it to classify
also the deformations of the universal central extension of the static kinematical Lie algebra in that dimension.
The purpose of this paper is to extend these classifications to dimension D + 1 for all D > 3. A separate paper
[4] will present the classification of kinematical Lie algebras for D = 2, which is technically quite different than
D = 3 and D > 3. The results of this series of papers is summarised in [5].
By a kinematical Lie algebra in dimension D + 1, we mean a real 12 (D + 1)(D + 2)-dimensional Lie algebra
with generators Rab = −Rba, with 1 6 a,b 6 D, spanning a Lie subalgebra r isomorphic to the Lie algebra so(D)
of rotations in D dimensions; that is,
[Rab,Rcd] = δbcRad − δacRbd − δbdRac + δadRbc, (1)
EMPG-17-12.
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and 2D+ 1 generators Ba, Pa and Hwhich transform according to the vector, vector and scalar representations
of so(D), respectively – namely,
[Rab,Bc] = δbcBa − δacBb
[Rab,Pc] = δbcPa − δacPb
[Rab,H] = 0.
(2)
The rest of the brackets between Ba, Pa and H are only subject to the Jacobi identity: in particular, they must
be r-equivariant. The kinematical Lie algebra where those additional Lie brackets vanish is called the static
kinematical Lie algebra. Every other kinematical Lie algebra is, by definition, a deformation of the static one.
Up to isomorphism, there is only one kinematical Lie algebra with D = 0: it is one-dimensional and hence
abelian. For D = 1, there are no rotations and hence any three-dimensional Lie algebra is kinematical. The
classification is therefore the same as the celebrated Bianchi classification of three-dimensional real Lie algebras
[6]. As far as I know the only other classification of kinematical Lie algebras is that in 3+1 dimensions, by Bacry
and Nuyts [3]; although there is also a classification of kinematical superalgebras in 3 + 1 dimensions [7]. The
purpose of this paper is to solve the classification problem for D > 3 using deformation theory along the lines
of [2, 1]. As we will see, we can treat all D > 4 in a uniform way (with the exception for D = 5 which is
somewhat special but not in an essential way). The case D = 4 is slightly more complicated due to so(4) being
semisimple but not simple. Nevertheless as we will see, this case reduces to the generic case (D > 5); although
this requires a calculation. The case D = 2 is computationally more involved because so(2) is abelian and its
vector representation (onR2) has a larger than normal endomorphism ring. That case is the subject of a separate
paper [4].
The static kinematical Lie algebra inD > 3 admits a universal central extension with central generator Z and
additional Lie bracket
[Ba,Pb] = δabZ, (3)
and we will also consider the problem of classifying the deformations of the centrally extended static kinemat-
ical Lie algebra for D > 3, the case D = 3 having been done in [1].
We refer to [1] for the methodology and the basic notions of deformation theory and Lie algebra cohomology
as in [8, 9, 10].
For applications to conformal field theory, gauge theory and even knot theory, it is important for a Lie algebra
to admit an invariant symmetric inner product. In this paper we also determine those kinematical Lie algebras
which admit such an inner product. Disappointingly, perhaps, we find that only the simple kinematical Lie
algebras admit an invariant symmetric inner product. Similarly, for the extended kinematical Lie algebras, we
will find that only the trivial central extensions of the simple kinematical Lie algebras admit such an inner
product.
This paper is organised as follows. In Section 2 we classify kinematical Lie algebras in dimensionD+1 for all
D > 5, arriving at Table 17, while in Section 3 we treat the case ofD = 4, but show, after some calculations, that
we obtain the same results as for D > 5. Therefore Table 17 is valid for D > 4. Next, in Section 4, we determine
the universal central extension of the static kinematical Lie algebra and proceed to classify its deformations for
D > 5, arriving at Table 18, while in Section 5 we repeat the calculation for D = 4 arriving at the conclusion
that Table 18 also holds for D > 4. Comparison with the case of D = 3 shows that whereas in D = 3 there are
more kinematical Lie algebras which have no analogue in D > 3, the same is not true for the deformations of
the centrally extended algebra. For those deformations, the results for D > 3 are uniform. Finally, in Section 6
we offer some conclusions.
2. Deformations of the static kinematical Lie algebra with D > 5
Let g denote the static kinematical Lie algebra for D > 5 and generators Rab, Ba, Pa and H, subject to the
non-zero brackets
[Rab,Rcd] = δbcRad − δacRbd − δbdRac + δadRbc
[Rab,Bc] = δbcBa − δacBb
[Rab,Pc] = δbcPa − δacPb.
(4)
We often find it convenient to employ an abbreviated notation where the indices are suppressed. In that nota-
tion, we would write the above brackets as
[R,R] = R [R,B] = B and [R,P] = P. (5)
Infinitesimal deformations of g are classified by the second Chevalley–Eilenberg cohomology groupH2(g; g).
We are however only interested in deformations which are kinematical; that is, such that the brackets involving
Rab are not deformed. Infinitesimal kinematical deformations are classified by the relative Chevalley–Eilenberg
cohomology group H2(g, r; g). Since r ∼= so(D) is simple for D > 5, the Hochschild–Serre factorisation theorem
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says that H2(g; g) ∼= H2(g, r; g). Therefore we see that all deformations of g are a priori kinematical. A similar
argument shows that this is also the case for any D 6= 2.
Let h denote the abelian ideal generated by Ba, Pa andH. The cohomology groupH2(g, r; g) can be computed
from the r-invariant complex
C• := C•(h; g)r = {r-equivariant linear maps Λ•h→ g} ∼= (Λ•h∗ ⊗ g)r . (6)
Let βa, pia and η denote the canonical dual basis for h∗. The differential ∂ : Cp → Cp+1 is defined on generators
by
∂Ba = ∂Pa = ∂H = ∂βa = ∂pia = ∂η = 0 and ∂Rab = βaBb − βbBa + piaPb − pibPa (7)
and extended to C• as an odd derivation. It is clear by inspection that ∂2 = 0 on generators, and since it is an
even derivation, it is identically zero.
We proceed to enumerate the cochains in Cp for p 6 3. We need to calculate the action of the differential
∂ : C1 → C2 and ∂ : C2 → C3 and in addition the Nijenhuis–Richardson brackets [[−,−]] : C2 × C2 → C3.
2.1. The Chevalley–Eilenberg cochains. All so(D)-invariant tensors are built out of δab and a1...aD . We use
the Einstein summation convention in that repeated indices are summed over. In the absence of ambiguities,
we also use an abbreviated notation for cochains where we omit indices and assume that they are contracted
with the invariant tensors in the only way possible.
The 0-cochains is the r-invariant subset of g, which is one-dimensional and spanned by H. Every 0-cochain
is a cocycle, since ∂H = 0. There are no 1-coboundaries.
The 1-cochains are r-equivariant linear maps h → g. A basis for the 1-cochains are given in Table 1, where
we identify linear maps h→ g with elements of h∗ ⊗ g and where ηH = η⊗H, βB = βa ⊗ Ba, et cetera. We see
that all 1-cochains are cocycles and hence there are no 2-coboundaries.
Table 1. Basis for C1(h; g)r
a1 a2 a3 a4 a5
ηH βB βP piB piP
A basis for the 2-cochains are given in Table 2 as elements of Λ2h∗⊗ g, where βpiR = βa∧pib⊗Rab, et cetera.
Table 2. Basis for C2(h; g)r
c1 c2 c3 c4 c5 c6 c7 c8
ηβB ηβP ηpiB ηpiP 12ββR βpiR
1
2pipiR βpiH
Finally, a basis for the 3-cochains are given in Table 3 as elements of Λ3h∗⊗ g, but in an abbreviated notation
where, for example, βpiβB = βa ∧ pia ∧ βb ⊗ Bb, et cetera. Those cochains in the second row are only present
whenD = 5 and are given by βββR = abcdeβa∧βb∧βc⊗Rde, et cetera. They turn out to play no role in the
calculations.
Table 3. Basis for C3(h; g)r
b1 b2 b3 b4 b5 b6 b7 b8
ηβpiH ηββR ηβpiR ηpipiR βpiβB βpiβP βpipiB βpipiP
b ′9 b
′
10 b
′
11 b
′
12
βββR ββpiR βpipiR pipipiR
The last piece of data that we need is the Nijenhuis–Richardson bracket [[−,−]] : C2 × C2 → C3, defined by
[[λ,µ]] := λ • µ+ µ • λ, (8)
where • is the operation defined on monomials by
(α⊗ X) • (β⊗ Y) := (α∧ ιXβ)⊗ Y, (9)
for α,β ∈ Λ2h∗ and X, Y ∈ g and the derivation ιX denotes contraction with X.
Table 4 collects the calculations of ci • cj, from where we can read off [[ci, cj]] by symmetrisation:
[[c1, c5]] = b2
[[c1, c6]] = b3
[[c1, c8]] = b1 + b5
[[c2, c6]] = b2
[[c2, c7]] = b3
[[c2, c8]] = b6
[[c3, c5]] = b3
[[c3, c6]] = b4
[[c3, c8]] = b7
[[c4, c6]] = b3
[[c4, c7]] = b4
[[c4, c8]] = b1 + b8
(10)
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Table 4. Nijenhuis–Richardson •
• c1 c2 c3 c4 c5 c6 c7 c8
c1 0 0 0 0 b2 b3 0 b1
c2 0 0 0 0 0 b2 b3 0
c3 0 0 0 0 b3 b4 0 0
c4 0 0 0 0 0 b3 b4 b1
c5 0 0 0 0 0 0 0 0
c6 0 0 0 0 0 0 0 0
c7 0 0 0 0 0 0 0 0
c8 b5 b6 b7 b8 0 0 0 0
2.2. Infinitesimal deformations. The action of the Chevalley–Eilenberg differential ∂ : C2 → C3 is given by
∂c1 = ∂c2 = ∂c3 = ∂c4 = ∂c8 = 0 ∂c5 = −b6 ∂c6 = b5 − b8 and ∂c7 = b7. (11)
Therefore the five-dimensional space of 2-cocycles is spanned by c1, c2, c3, c4, c8. Since there are no 2-coboundaries,
this is also the cohomology. Therefore the most general infinitesimal deformation is given by a linear combin-
ation
ϕ1 = t1c1 + t2c2 + t3c3 + t4c4 + t5c8. (12)
2.3. Obstructions. The first obstruction to integrability is given by
1
2 [[ϕ1,ϕ1]] = t1t5(b1 + b5) + t2t5b6 + t3t5b7 + t4t5(b1 + b8). (13)
Projecting to H3, we see from Equation (11) that [b6] = [b7] = 0 and that [b5] = [b8], so that[
1
2 [[ϕ1,ϕ1]]
]
= (t1 + t4)t5([b1] + [b5]), (14)
so the obstruction vanishes if and only if
t5(t1 + t4) = 0. (15)
If that equation is satisfied, 12 [[ϕ1,ϕ1]] = ∂ϕ2, where
ϕ2 = t1t5c6 − t2t5c5 + t3t5c7. (16)
The next obstruction is [[ϕ1,ϕ2]], which is seen to vanish exactly provided that Equation (15) is satisfied. This
means that we can take ϕ3 = 0. The next obstruction is 12 [[ϕ2,ϕ2]], which is seen to vanish identically because
c5, c6, c7 have vanishing Nijenhuis–Richardson brackets. This means that the deformation
ϕ = t1c1 + t2c2 + t3c3 + t4c4 − t2t5c5 + t1t5c6 + t3t5c7 + t5c8 (17)
defines a Lie algebra provided that Equation (15) is satisfied. That equation has two branches, depending on
whether or not t5 = 0.
2.4. Deformations with t5 = 0. In this case, the deformation is
ϕ = t1c1 + t2c2 + t3c3 + t4c4, (18)
which leads to the Lie brackets (in abbreviated notation):
[H,B] = t1B+ t2P
[H,P] = t3B+ t4P.
(19)
As in the D = 3 case, we can bring these to normal forms depending on the value of the discriminant δ :=
(t1 − t4)
2 + 4t2t3:
(1) δ > 0 (or δ = 0 and diagonalisable):
[H,B] = γB and [H,P] = P, (20)
where γ ∈ [−1, 1]. The case γ = −1 is the higher-dimensional version of the (lorentzian) Newton Lie
algebra.
(2) δ = 0 (and not diagonalisable):
[H,B] = B+ P and [H,P] = P, (21)
or
[H,B] = P, (22)
which is the galilean algebra.
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(3) δ < 0:
[H,B] = αB+ P and [H,P] = −B+ αP, (23)
where α > 0. The case α = 0 is the higher-dimensional version of the (euclidean) Newton Lie algebra.
2.5. Deformations with t5 6= 0. In this case, Equation (15) forces t1 + t4 = 0, so that the deformation is
ϕ = t1(c1 − c4) + t2c2 + t3c3 − t2t5c5 + t1t5c6 + t3t5c7 + t5c8, (24)
which leads to the Lie brackets
[H,B] = t1B+ t2P
[H,P] = t3B− t1P
[B,B] = −t2t5R
[P,P] = t3t5R
[B,P] = t5H+ t1t5R. (25)
In order to bring these Lie brackets to normal form, it proves useful to study the action of those automorph-
isms of h which commute with the action of r. This is similar to what happens in D = 3 and we refer to [1] for
a more detailed description of the method.
The subgroup G of automorphisms of h which commutes with the r-action is GL(R2)× R× acting on gener-
ators as follows:
(B,P,H) 7→ (B,P,H)
a b 0c d 0
0 0 λ
 where (a b
c d
)
∈ GL(R2) and λ ∈ R×. (26)
The induced action on h∗ is given by
(β,pi,η) 7→ (β,pi,η)
 d/∆ −c/∆ 0−b/∆ a/∆ 0
0 0 λ−1
 where ∆ := ad− bc. (27)
From this one reads off how G acts on C2:
c1 + c4 7→ 1λ (c1 + c4)
c1 − c4 7→ 1λ∆ ((ad+ bc)(c1 − c4) + 2cdc2 − 2abc3)
c2 7→ 1λ∆
(
bd(c1 − c4) + d
2c2 − b
2c3
)
c3 7→ 1λ∆
(
−ac(c1 − c4) − c
2c2 + a
2c3
)
c5 7→ 1∆2
(
d2c5 − bdc6 + b
2c7
)
c6 7→ 1∆2 (−2cdc5 + (ad+ bc)c6 − 2abc7)
c7 7→ 1∆2
(
c2c5 − acc6 + a
2c7
)
c8 7→ λ∆c8,
(28)
and from this we arrive at how G acts on the deformation parameters (t1, t2, t3, t5):
t1
t2
t3
t5
 7→ 1λ∆

ad+ bc bd −ac 0
2cd d2 −c2 0
−2ab −b2 a2 0
0 0 0 λ2∆2


t1
t2
t3
t5
 . (29)
The representation ρ of GL(R2) defined by
A =
(
a b
c d
)
7→ 1
∆
ad+ bc bd −ac2cd d2 −c2
−2ab −b2 a2
 (30)
is not faithful – having as kernel the scalar matrices – and preserves the lorentzian inner product
K =
2 0 00 0 1
0 1 0
 . (31)
With a suitable choice of λ, we can use such three-dimensional Lorentz transformations to bring t = (t1, t2, t3)
to one of the following normal forms, each one labelling an orbit of G on the space of such parameters:
(1) the zero orbit, where t = (0, 0, 0);
(2) the spacelike orbit, where t = (1, 0, 0);
(3) the timelike orbit, where t = (0, 1,−1); and
(4) the lightlike orbit, where t = (0, 0, 1).
This still leaves the possibility to act with a (non-zero) scalar matrix to set t5 = ±1, since scalar matrices in
GL(R2) have positive determinant. We discuss each one of these cases in turn.
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2.5.1. The zero branch. In this case we can actually set t5 = 1 without loss of generality. The non-zero Lie brackets
are
[B,P] = H, (32)
which is the higher-dimensional analogue of the Carroll algebra.
2.5.2. The spacelike branch. Here we can also set t5 = 1 without loss of generality, and the non-zero Lie brackets
are
[H,B] = B [H,P] = −P and [B,P] = H+ R. (33)
This Lie algebra is isomorphic to so(D+ 1, 1). If we change basis so that (B,P) 7→ ( 1√
2
(B+ P), 1√
2
(B− P)), then
it takes the more standard form
[H,B] = P [H,P] = B [B,B] = R [B,P] = −H and [P,P] = −R. (34)
2.5.3. The timelike branch. In this case, the non-zero Lie brackets are, for ε = ±1,
[H,B] = −εP
[H,P] = εB
[B,B] = εR
[P,P] = εR
[B,P] = H. (35)
These Lie algebras are isomorphic to so(D+ 2) (for ε = −1) or so(D, 2) (for ε = 1).
2.5.4. The lightlike branch. In this case, the non-zero Lie brackets are, for ε = ±1,
[H,P] = εB [P,P] = εR and [B,P] = H, (36)
after redefining H. These Lie algebras are isomorphic to the euclidean Lie algebra e for ε = −1, or the Poincare´
Lie algebra p for ε = 1.
2.6. Invariant inner products. We shall now investigate the existence of invariant inner products on the kin-
ematical Lie algebras determined in this section. We remind the reader that by an invariant inner product on a
Lie algebra g we mean a non-degenerate symmetric bilinear form (−,−) : g× g→ R which is “associative”; that
is,
([x,y], z) = (x, [y, z]) for all x,y, z ∈ g. (37)
The Killing form is associative, but by Cartan’s semisimplicity criterion, it is only non-degenerate for semisimple
Lie algebras. This means that the simple Lie algebras so(D+ 1, 1), so(D+ 2) and so(D, 2) admit invariant inner
products: namely, any non-zero multiple of the Killing form. It turns out that these are the only kinematical
Lie algebras which do. To prove this, rather than appealing to any general structural results, we simply exploit
the associativity condition (37).
We shall first of all show that no kinematical Lie algebra where B and P span an abelian ideal can admit
an invariant inner product. This rules out the first five rows in Table 17. Indeed, let (−,−) be an associative
symmetric bilinear form. We show that it is degenerate. To this end, let X, Y be any of B,P and consider (in
abbreviated notation)
(X, Y) = ([R,X], Y) = (R, [X, Y]) = 0, (38)
where we have used associativity and the fact that X, Y are vectors under rotations. By rotational invariance,
the only possible non-zero inner products involving B and P are of the form (B,B), (B,P) and (P,P), and as we
have just seen, these are zero. Therefore (−,−) is degenerate.
Any associative symmetric bilinear form in the Carroll algebra is degenerate, since (H,−) = 0. Indeed, by
rotational invariance, the only possible non-zero inner product of H is with itself, but then
δab(H,H) = (H, [Ba,Pb]) = ([H,Ba],Pb) = 0. (39)
It remains to consider the euclidean and Poincare´ algebras. So let (−,−) be an associative symmetric bilinear
form on either e or p and let us calculate (H,H), which is the only possibly non-zero rotationally invariant inner
product involving H:
δab(H,H) = ([Ba,Pb],H) = (Ba, [Pb,H]) = 0. (40)
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3. Kinematical Lie algebras with D = 4
In this section g denotes the static kinematical Lie algebra for D = 4. The case D = 4 is slightly more
complicated due to the fact that the rotation subalgebra so(4) is not simple, but rather so(4) ∼= so(3)⊕so(3). This
is due to the existence of the Hodge star, an so(4)-invariant linear map ? : Λ2R4 → Λ2R4 which obeys ?2 = 1
and hence decomposes Λ2R4 into its eigenspaces Λ2±, each one corresponding to an so(3) subalgebra.
Let R±ab := 12
(
Rab ± 12abcdRcd
)
span r ∼= so(4) and Ba,Pa,H span the abelian ideal h of g. As usual we choose
the canonical dual basis βa,pia,η for h∗.
The non-zero Lie brackets in that basis are given by
[R±ab,R
±
cd] = [Rab,Rcd]
±
[R±ab,Bc] =
1
2 (δbcBa − δacBb ∓ abcdBd)
[R±ab,Pc] =
1
2 (δbcPa − δacPb ∓ abcdPd)
(41)
3.1. The Chevalley–Eilenberg complex. The fact that r is semisimple suffices for the Hochschild–Serre de-
composition theorem and we may calculate the infinitesimal deformations from the r-invariant subcomplex
C• := C•(h; g)r. In particular this shows that all deformations are automatically kinematical.
We now proceed to enumerate bases for the spaces of cochains, noting that C0 is spanned by H. The dimen-
sions of C1, C2 and C3 are 5, 11 and 19, respectively. Natural bases are tabulated below. In Table 7, the cochains
in the second row involve the  tensor, so that, for example, ββpiB = abcdβa ∧ βb ∧ pic ⊗ Bd, et cetera.
Table 5. Basis for C1(h; g)r
a1 a2 a3 a4 a5
ηH βB βP piB piP
Table 6. Basis for C2(h; g)r
c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11
ηβB ηβP ηpiB ηpiP 12ββR
+ 1
2ββR
− βpiR+ βpiR− 12pipiR
+ 1
2pipiR
− βpiH
Table 7. Basis for C3(h; g)r
b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11
ηβpiH ηββR+ ηββR− ηβpiR+ ηβpiR− ηpipiR+ ηpipiR− βpiβB βpiβP βpipiB βpipiP
b12 b13 b14 b15 b16 b17 b18 b19
βββB βββP ββpiB ββpiP βpipiB βpipiP pipipiB pipipiP
The Chevalley–Eilenberg differential ∂ : Cp → Cp+1 is defined on generators by
∂η = ∂βa = ∂pia = ∂H = ∂Ba = ∂Pa = 0 (42)
and
∂R±ab =
1
2 (βaBb − βbBa + piaPb − pibPa ± abcd(βcBd + picPd)) . (43)
In particular, it follows that ∂ is identically zero on C0 and C1, so that B2 = 0. On C2 we find
∂c5 = −
1
2b9 +
1
4 (b12 + b15)
∂c6 = −
1
2b9 −
1
4 (b12 + b15)
∂c7 =
1
2 (b8 − b11 + b14 + b17)
∂c8 =
1
2 (b8 − b11 − b14 − b17)
∂c9 =
1
2b10 +
1
4 (b16 + b19)
∂c10 =
1
2b10 −
1
4 (b16 + b19).
(44)
It follows from these expressions that b9 = ∂(−c5−c6) and b10 = ∂(c9+c10) are coboundaries, as are b16+b19 =
∂(2(c9−c10), b12+b15 = ∂(2(c5−c6), b8−b11 = ∂(c7+c8) and b14+b17 = ∂(c7−c9). Indeed, these coboundaries
span B3.
The last piece of data that we need is the Nijenhuis–Richardson bracket [[−,−]] : C2 × C2 → C3.
Table 8 collects the calculations of ci • cj, from where we can read off [[ci, cj]] by symmetrisation:
[[c1, c5]] = b2
[[c1, c6]] = b3
[[c1, c7]] = b4
[[c1, c8]] = b5
[[c1, c11]] = b1 + b8
[[c2, c7]] = b2
[[c2, c8]] = b3
[[c2, c9]] = b4
[[c2, c10]] = b5
[[c2, c11]] = b9
[[c3, c5]] = b4
[[c3, c6]] = b5
[[c3, c7]] = b6
[[c3, c8]] = b7
[[c3, c11]] = b10
[[c4, c7]] = b4
[[c4, c8]] = b5
[[c4, c9]] = b6
[[c4, c10]] = b7
[[c4, c11]] = b1 + b11.
(45)
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Table 8. Nijenhuis–Richardson •
• c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11
c1 0 0 0 0 b2 b3 b4 b5 0 0 b1
c2 0 0 0 0 0 0 b2 b3 b4 b5 0
c3 0 0 0 0 b4 b5 b6 b7 0 0 0
c4 0 0 0 0 0 0 b4 b5 b6 b7 b1
c5 0 0 0 0 0 0 0 0 0 0 0
c6 0 0 0 0 0 0 0 0 0 0 0
c7 0 0 0 0 0 0 0 0 0 0 0
c8 0 0 0 0 0 0 0 0 0 0 0
c9 0 0 0 0 0 0 0 0 0 0 0
c10 0 0 0 0 0 0 0 0 0 0 0
c11 b8 b9 b10 b11 0 0 0 0 0 0 0
3.2. Infinitesimal deformations. From the action of the Chevalley–Eilenberg differential ∂ on C2, described in
Equation (44), we find that
H2 ∼= Z2 = R 〈c1, c2, c3, c4, c11〉 . (46)
Therefore the most general infinitesimal deformation is
ϕ1 = t1c1 + t2c2 + t3c3 + t4c4 + t5c11. (47)
3.3. Obstructions. The first obstruction is the class inH3 of 12 [[ϕ1,ϕ1]], which we can calculate from the explicit
expressions (45) for the Nijenhuis–Richardson bracket. Doing so, we find
1
2 [[ϕ1,ϕ1]] = t1t5(b1 + b8) + t2t5b9 + t3t5b10 + t4t5(b1 + b11). (48)
From Equation (44) we learn that
B3 = R 〈b8 − b11,b9,b10,b12 + b15,b14 + b17,b16 + b19〉 , (49)
so that in cohomology, [b8] = [b11], [b9] = [b10] = 0, [b12] = −[b15], [b14] = −[b17] and [b16] = −[b19]. Therefore
in H3, [
1
2 [[ϕ1,ϕ1]]
]
= (t1 + t4)t5([b1] + [b8]), (50)
so that the obstruction vanishes if and only if
(t1 + t4)t5 = 0. (51)
If this equation is satisfied,
1
2 [[ϕ1,ϕ1]] = t1t5(b8 − b11) + t2t5b9 + t3t5b10, (52)
or, in other words, 12 [[ϕ1,ϕ1]] = ∂ϕ2 for
ϕ2 = t1t5(c7 + c8) − t2t5(c5 + c6) + t3t5(c9 + c10). (53)
It follows from (51) that the next obstruction [[ϕ1,ϕ2]] vanishes identically, so we can take ϕ3 = 0. The next
obstruction after that is 12 [[ϕ2,ϕ2]], but this also vanishes identically, so that ϕ4 = 0 and hence there are no
further obstructions. In summary, the most general deformation is given by
ϕ = t1c1 + t2c2 + t3c3 + t4c4 + t5c11 + t1t5(c7 + c8) − t2t5(c5 + c6) + t3t5(c9 + c10), (54)
subject to Equation (51).
Notice that since R+ + R− = R, the sums of cochains appearing in ϕ are
c5 + c6 =
1
2ββR c7 + c8 = βpiR and c9 + c10 =
1
2pipiR, (55)
which means that the expression (54) above for ϕ coincides mutatis mutandis with the one in Equation (17).
Since the conditions (51) and (15) are identical, the rest of the analysis proceeds as in the case D > 5. As in
D > 5, only the simple kinematical Lie algebras admit an associative inner product.
4. Deformations of the centrally extended static kinematical Lie algebra with D > 5
Let D > 5 and let us consider the static kinematical Lie algebra g defined (in abbreviated form) by Equa-
tion (5). We shall show that it has a central extension with bracket
[Ba,Pb] = δabZ (or in abbreviated form [B,P] = Z.) (56)
We now go on to classify the deformations of the centrally extended Lie algebra g˜ = g⊕ RZ.
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4.1. Central extension of the static kinematical Lie algebra. Central extensions of g are classified by H2(g;R),
which by the Hochschild–Serre factorisation theorem is isomorphic to H2(h;R)r and this in turn can be com-
puted from the subcomplex C• of r-invariant cochains in Λ•h∗. The first three spaces of cochains in the sub-
complex are
C1 = R 〈η〉 C2 = R 〈βpi〉 and C3 = R 〈ηβpi〉 , (57)
where we again use the abbreviated notation βpi = βa ∧ pia, et cetera. Since h is abelian, the differential is
identically zero, so that H2 = C2 with cocycle representative βpi. The universal central extension g˜ of g is thus
spanned by Rab,Ba,Pa,H,Z with non-zero brackets
[R,R] = R [R,B] = B [R,P] = P and [B,P] = Z. (58)
4.2. The deformation complex. Let h˜ denote the ideal of g˜ spanned by Ba,Pa,H,Z and let r ∼= so(D) again be
the rotational subalgebra. By Hochschild–Serre, the deformation complex can be taken to be the r-invariant
subcomplex C• = C•(h˜; g˜)r. In this section we describe this complex in a way useful for calculations. Let
βa,pia,η, ζ be the canonical dual basis for h˜∗.
The Chevalley–Eilenberg differential is defined on generators as follows:
∂Rab = βaBb − βbBa + piaPb − pibPa
∂Ba = −piaZ
∂Pa = βaZ
∂Z = ∂H = 0
∂ζ = −βapia
∂βa = 0
∂pia = 0
∂η = 0.
(59)
Let G ∼= GL(R2) nAff(Λ2R2) denote the subgroup of automorphisms of h˜ which commutes with the action
of r. It leaves R invariant and acts on h˜ as follows:
(B,P,H,Z) 7→ (B,P,H,Z)

a b 0 0
c d 0 0
0 0 λ 0
0 0 µ∆ ∆
 , (60)
where (
a b
c d
)
∈ GL(R2), ∆ := ad− bc, µ ∈ R and λ ∈ R×. (61)
The induced action on h˜∗ is given by
(β,pi,η, ζ) 7→ (β,pi,η, ζ)

d/∆ −c/∆ 0 0
−b/∆ a/∆ 0 0
0 0 λ−1 −λ−1µ
0 0 0 ∆−1
 . (62)
We proceed to enumerate the cochains. C0 is spanned by H,Z. The following tables enumerate the cochains
in C1, C2 and C3. The primed cochains in Table 11 are only present for D = 5 and as in the case of the static
kinematical Lie algebra they turn out not play any role in the calculations.
Table 9. Basis for C1(h˜; g˜)r
a1 a2 a3 a4 a5 a6 a7 a8
ηH ηZ ζH ζZ βB βP piB piP
Table 10. Basis for C2(h˜; g˜)r
c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14 c15
ηζH ηζZ ηβB ηβP ηpiB ηpiP ζβB ζβP ζpiB ζpiP βpiH βpiZ 12ββR βpiR
1
2pipiR
Table 11. Basis for C3(h˜; g˜)r
b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11
ηζβB ηζβP ηζpiB ηζpiP ηβpiH ηβpiZ ηββR ηβpiR ηpipiR ζβpiH ζβpiZ
b12 b13 b14 b15 b16 b17 b18 b
′
19 b
′
20 b
′
21 b
′
22
ζββR ζβpiR ζpipiR βpiβB βpiβP βpipiB βpipiP βββR ββpiR βpipiR pipipiR
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The Chevalley–Eilenberg differential is identically zero on C0, so that B1 = 0. The differential ∂ : C1 → C2 is
given on the basis by
∂a1 = ∂a2 = ∂a6 = ∂a7 = 0 ∂a3 = −c11 ∂a4 = −c12 ∂a5 = c12 ∂a8 = c12, (63)
from where we see that B2 = R 〈c11, c12〉. The differential ∂ : C2 → C3 is given on the basis by
∂c1 = b5
∂c2 = b6
∂c3 = −b6
∂c4 = 0
∂c5 = 0
∂c6 = −b6
∂c7 = −b11 − b15
∂c8 = −b16
∂c9 = −b17
∂c10 = −b11 − b18
∂c11 = 0
∂c12 = 0
∂c13 = −b16
∂c14 = b15 − b18
∂c15 = b17,
(64)
from where we see that B3 = R 〈b5,b6,b16,b17,b11 + b15,b11 + b18〉 and that
Z2 = B2 ⊕H2 where H2 := R 〈c2 + c3, c2 + c6, c4, c5, c7 − c10 + c14, c8 − c13, c9 + c15〉 . (65)
The subspaceH2 is isomorphic to the cohomology, but we would like to choose representative cocycles adapted
to the action of G. The action of G on the complex can be read off from the action on the generators and one
finds that a convenient description of H2 is the following:
H2 = R 〈2c2 + c3 + c6〉 ⊕ R 〈c7 − c10 + c14, c8 − c13, c9 + c15, c3 − c6, c4, c5〉 , (66)
where, if we denote the above basis for H2 by
(e1, . . . ,e7) := (2c2 + c3 + c6, c7 − c10 + c14, c8 − c13, c9 + c15, c3 − c6, c4, c5), (67)
then under the action of G,
(e1, . . . ,e7) = (e1, . . . ,e7)
λ−1 0 00 MA 0
0 −λ−1µ∆MA λ−1∆MA
 , (68)
where
A =
(
a b
c d
)
and MA =
1
∆2
ad+ bc bd −ac2cd d2 −c2
−2ab −b2 a2
 . (69)
As we saw above the representation A 7→ MA of GL(R2) is not faithful and has kernel the scalar matrices in
GL(R2), and it preserves the lorentzian inner product with matrix
K =
2 0 00 0 1
0 1 0
 . (70)
The last piece of data that we shall need is the Nijenhuis–Richardson bracket [[−,−]] : C2 × C2 → C3, which
can be obtained by symmetrisation from the • product tabulated in Table 12.
Table 12. Nijenhuis–Richardson •
• c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14 c15
c1 0 0 b1 b2 b3 b4 0 0 0 0 0 0 0 0 0
c2 0 0 0 0 0 0 b1 b2 b3 b4 0 0 0 0 0
c3 0 0 0 0 0 0 b1 b2 0 0 b5 b6 b7 b8 0
c4 0 0 0 0 0 0 0 0 b1 b2 0 0 0 b7 b8
c5 0 0 0 0 0 0 b3 b4 0 0 0 0 b8 b9 0
c6 0 0 0 0 0 0 0 0 b3 b4 b5 b6 0 b8 b9
c7 0 0 −b1 −b2 0 0 0 0 0 0 b5 b6 b12 b13 0
c8 0 0 0 0 −b1 −b2 0 0 0 0 0 0 0 b12 b13
c9 0 0 −b3 −b4 0 0 0 0 0 0 0 0 b13 b14 0
c10 0 0 0 0 −b3 −b4 0 0 0 0 b10 b11 0 b13 b14
c11 b10 b11 b15 b16 b17 b18 0 0 0 0 0 0 0 0 0
c12 −b5 −b6 0 0 0 0 b15 b16 b17 b18 0 0 0 0 0
c13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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4.3. Infinitesimal deformations and obstructions. We parametrise the 7-dimensional space H2 of infinites-
imal deformations as
ϕ1 = t1(2c2 + c3 + c6) + t2(c7 − c10 + c14) + t3(c8 − c13) + t4(c9 + c15) + t5(c3 − c6) + t6c4 + t7c5. (71)
The first obstruction to integrability is 12 [[ϕ1,ϕ1]] whose vanishing (in cohomology, but in this case also on the
nose) is equivalent to the following system of quadrics:
0 = 2t1t2 − t3t7 + t4t6
0 = t1t3 + t3t5 − t2t6
0 = t1t4 − t4t5 + t2t7.
(72)
Since when these equations are satisfied [[ϕ1,ϕ1]] = 0 (not just in cohomology) we can takeϕ2 = 0 and therefore
there are no further obstructions to integrability.
To analyse this system of quadrics further we exploit the action of the automorphism groupG. It follows from
the action of G on C2 that we can bring the triplet t = (t5, t6, t7) to one of four canonical forms, corresponding
the causal type of t relative to the lorentzian inner product defined by K in (70):
(1) Zero orbit: t = (0, 0, 0)
(2) Spacelike orbit: t = (1, 0, 0)
(3) Lightlike orbit: t = (0, 0, 1)
(4) Timelike orbit: t = (0, 1,−1)
4.3.1. Zero orbit branch. Here t5 = t6 = t7 = 0 and the system (72) of quadrics becomes t1t2 = t1t3 = t1t4 = 0,
so we have two cases to consider depending on whether or not t1 = 0.
If t1 6= 0, then t2 = t3 = t4 = 0 and by a judicious choice of λ ∈ R× we can set t1 = 1 and the deformation is
ϕ = 2c2 + c3 + c6 (73)
which translates into the following additional brackets:
[H,B] = B [H,P] = P and [H,Z] = 2Z, (74)
which we recognise as a non-central extension of the kinematical Lie algebra (20) with γ = 1. Indeed, Z spans
an ideal and quotienting by this ideal recovers the Lie algebra (20) with γ = 1.
If t1 = 0, then we can use the automorphisms to bring t = (t2, t3, t4) to one of several canonical normal
forms. First of all, notice that on the three-dimensional subspace of such t the group G acts via t 7→MAt, with
MA the matrix in (69). This defines an action of GL(R2)/R× ∼= SOo(2, 1), the identity component of the three-
dimensional Lorentz group. Under the action of proper, orthochronous Lorentz transformations, R3 breaks up
into the following orbits:
(1) Zero orbit: t = (0, 0, 0). This corresponds to no deformation at all.
(2) Spacelike orbits: t = (x, 0, 0) with x > 0. In this case, the deformation is given by
ϕ = x(c7 − c10 + c14) = x(ζβB− ζpiP + βpiR), (75)
so that the brackets are
[Z,B] = xB [Z,P] = −xP and [B,P] = Z+ xR. (76)
We can rescale Z 7→ x−1Z and P 7→ x−1P and in this way set x = 1. The resulting Lie brackets are
[Z,B] = B [Z,P] = −P and [B,P] = Z+ R, (77)
which is isomorphic to a trivial central extension of so(D+ 1, 1) with central element H.
(3) Lightlike branches: t = (0, 0, ε), where ε = ±1. The deformation cochain is
ϕ = ε(c9 + c15) = ε(ζpiB+
1
2pipiR), (78)
with Lie brackets
[Z,P] = εB [P,P] = εR and [B,P] = Z. (79)
We recognise these algebras as trivial central extensions of the euclidean (for ε = −1) or Poincare´ (for
ε = +1) algebras, with central element H.
(4) Timelike branches: t = (0, x,−x), where x ∈ R×. The deformation cochain is
ϕ = x(c8 − c9 − c13 − c15) = x(ζβP − ζpiB−
1
2ββR−
1
2pipiR), (80)
and Lie brackets
[Z,B] = xP [Z,P] = −xB [B,B] = −xR and [P,P] = −xR. (81)
Let ε = −x/|x| be (minus) the sign of x. Rescaling B 7→ |x|−1/2B, P 7→ |x|−1/2P and Z 7→ |x|−1Z, we may
bring the brackets to one of two forms, depending on ε:
[Z,B] = −εP [Z,P] = εB [B,B] = εR [P,P] = εR and [B,P] = Z. (82)
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We recognise these Lie algebras as trivial central extensions of so(D + 2) (for ε = −1) or so(D, 2) (for
ε = 1) with central element H.
4.3.2. Spacelike orbit branches. Here t5 = 1 and t6 = t7 = 0 and the system of quadrics (72) becomes
(t1 + 1)t3 = 0 (t1 − 1)t4 = 0 and t1t2 = 0. (83)
We therefore have several branches depending on the value of t1.
(1) If t1 6= 0,±1, then t2 = t3 = t4 = 0 and the deformation is
ϕ = 2t1c2 + (t1 + 1)c3 + (t1 − 1)c6 = 2t1ηζZ+ (t1 + 1)ηβB+ (t1 − 1)ηpiP, (84)
with brackets
[H,B] = (t1 + 1)B [H,P] = (t1 − 1)P and [H,Z] = 2t1Z. (85)
We can bring this to a normal form by rescalingH and, if necessary, interchangingB andP and changing
the sign of Z:
[H,B] = γB [H,P] = P [H,Z] = (1 + γ)Z and [B,P] = Z γ ∈ (−1, 1). (86)
This Lie algebra is isomorphic to a non-central extension of the Lie algebra (20). Indeed, the quotienting
by the ideal generated by Z gives the Lie algebra (20) with γ ∈ (−1, 1).
(2) If t1 = 0, then t3 = t4 = 0, so that the deformation is
ϕ = t2(c7 − c10 + c14) + c3 − c6 = t2(ζβB− ζpiP + βpiR) + ηβB− ηpiP, (87)
with brackets
[H,B] = B [H,P] = −P [Z,B] = t2B [Z,P] = −t2P [B,P] = Z+ t2R. (88)
Notice that Z − t2H is central. We must distinguish between two cases, depending on whether or not
t2 = 0:
(a) if t2 6= 0, then we let Z 7→ t−12 Z and H 7→ H− t−12 Z and rescaling either B or Pwe can essentially set
t2 = 1 and arrive at the Lie algebra given in (77).
(b) if t2 = 0, then we have
[H,B] = B [H,P] = −P and [B,P] = Z, (89)
which is isomorphic to a central extension of the Lie algebra (20) with γ = −1; that is, to a central
extension of the lorentzian Newton Lie algebra.
(3) If t1 = 1, then t2 = t3 = 0 and the deformation is
ϕ = 2c2 + 2c3 + t4(c9 + c15) = 2ηζZ+ 2ηβB+ t4(ζpiB+
1
2pipiR), (90)
with brackets
[H,Z] = 2Z [H,B] = 2B [Z,P] = t4B [P,P] = t4R. (91)
We must distinguish between two cases, depending on whether or not t4 = 0:
(a) if t4 = 0, then, rescaling H, we arrive at
[H,Z] = Z [H,B] = B and [B,P] = Z, (92)
which is isomorphic to (86) for γ = 0.
(b) and if t4 6= 0, then introducing ε := t4/|t4|, we can bring the brackets to the following normal form:
[H,Z] = Z [H,B] = B [Z,P] = εB [P,P] = εR and [B,P] = Z. (93)
These Lie algebras are isomorphic to the extension of the euclidean or Poincare´ Lie algebras by the
dilatation H; that is, they are isomorphic to co(D, 1)n RD,1 or co(D+ 1)n RD+1.
(4) If t1 = −1, then t2 = t4 = 0 and the deformation is
ϕ = −2c2 − 2c6 + t3(c8 − c13) = −2ηζZ− 2ηpiP + t3(ζβP −
1
2ββR), (94)
with brackets
[H,Z] = −2Z [H,P] = −2P [Z,B] = t3P [B,B] = −t3R. (95)
Exchanging B and P and changing the signs of H and Z, we see that this case leads to isomorphic
algebras to the case t1 = 1.
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4.3.3. Lightlike orbit branches. Here t5 = t6 = 0 and t7 = 1. The system (72) of quadrics now sets t2 = t3 = 0 and
imposes t1t4 = 0, which gives rise to two branches, depending on whether or not t1 = 0:
(1) t1 = 0: in this case the deformation is
ϕ = t4(c9 + c15) + c5 = t4(ζpiB+
1
2pipiR) + ηpiB, (96)
so that the brackets are
[Z,P] = t4B [H,P] = B and [P,P] = t4R. (97)
We notice that Z − t4H is central, so this deformation is a (possibly trivial) central extension. We must
distinguish between two cases, according to whether or not t4 = 0.
(a) If t4 = 0, then we obtain
[H,P] = B and [B,P] = Z, (98)
which is isomorphic to the Bargmann algebra: the universal central extension of the galilean al-
gebra (22).
(b) If t4 6= 0 and introducing ε = t4/|t4|, we may redefine generators to arrive at a Lie algebra iso-
morphic to (79).
(2) t1 6= 0: in this case t4 = 0 and the deformation is
ϕ = t1(2c2 + c3 + c6) + c5 = t1(2ηζZ+ ηβB+ ηpiP) + ηpiB, (99)
so that the brackets are
[H,Z] = 2t1Z [H,B] = t1B and [H,P] = B+ t1P. (100)
We can actually absorb t1 into a redefinition of the generators and arrive at
[H,B] = B [H,P] = B+ P [H,Z] = 2Z and [B,P] = Z. (101)
This Lie algebra is isomorphic to a non-central extension of the Lie algebra (21), which we recover quo-
tienting by the ideal generated by Z.
4.3.4. Timelike orbit branches. In this case t5 = 0, t6 = 1 and t7 = −1. The system (72) of quadrics implies that
t2 = 0, t4 = −t3 and t1t3 = 0. This then gives rise to two branches, depending on whether or not t1 = 0:
(1) t1 = 0: in this case the deformation is
ϕ = t3(c8 − c9 − c13 − c15) + c4 − c5 = t3(ζβP − ζpiB−
1
2ββR−
1
2pipiR) + ηβP − ηpiB, (102)
with brackets
[Z,B] = t3P [Z,P] = −t3B [B,B] = −t3R [P,P] = −t3R [H,B] = P [H,P] = −B. (103)
We notice that Z− t3H is central for all t3, so these Lie algebras are (possibly trivial) central extensions.
We distinguish between two cases depending on whether or not t3 = 0.
(a) If t3 = 0, then we obtain
[H,B] = P [H,P] = −B and [B,P] = Z. (104)
This Lie algebra can be interpreted as the central extension (with central element Z) of the Lie
algebra (23) with α = 0; that is, a central extension of the euclidean Newton Lie algebra.
(b) If t3 6= 0, then introducing ε := −t3/|t3|, we can rescale generators to arrive at a Lie algebra iso-
morphic to (82).
(2) t1 6= 0, so that t3 = t4 = 0, and the deformation is
ϕ = t1(2c2 + c3 + c6) + c4 − c5 = t1(2ηζZ+ ηβB+ ηpiP) + ηβP − ηpiB (105)
with brackets
[H,Z] = 2t1Z [H,B] = t1B+ P [H,P] = t1P− B. (106)
Here without loss of generality we can take t1 = α > 0 and arrive at
[H,B] = αB+ P [H,P] = −B+ αP [H,Z] = 2αZ and [B,P] = Z. (107)
This is a non-central extension of the Lie algebra (23) (for α > 0) by the element Z.
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4.4. Invariant inner products. We shall now investigate the existence of invariant inner products on the Lie
algebras determined in this section, as we did in Section 2.6 for the kinematical Lie algebras classified in Sec-
tion 2. We shall prove that only the trivial central extensions of the simple kinematical Lie algebras so(D + 2),
so(D + 1, 1) and so(D, 2) admit invariant inner products. To prove that the other Lie algebras in Table 18 do
not admit such inner products, we shall exploit the associativity condition (37). One of the immediate con-
sequences of this condition is that for a Lie algebra g with an invariant inner product, g ′ = Z(g)⊥, where Z(g) is
the centre and g ′ = [g, g] is the first derived ideal. Therefore if g is such that Z(g) = 0 but g ′ ( g, then g cannot
admit an invariant inner product. This is precisely the situation of the Lie algebras in the bottom third (below
the line) of Table 18.
The first Lie algebra in Table 18 (with brackets given by (58)) does not admit an invariant inner product.
Indeed, if (−,−) is an associative symmetric bilinear form, it follows that
δab(Z,Z) = ([Ba,Pb],Z) = (Ba, [Pb,Z]) = 0 (108)
and
δab(Z,H) = ([Ba,Pb],H) = (Ba, [Pb,H]) = 0, (109)
so that (Z,−) = 0. The exact same calculation shows that in the Bargmann algebra (98) any associative sym-
metric bilinear form has (Z,−) = 0. A very similar argument shows that the trivial central extensions of the
euclidean and Poincare´ algebras (79) do not admit invariant inner products either. Indeed, if (−,−) is any
associative symmetric bilinear form, then
δab(H,H) = ([Ba,Pb],H) = (Ba, [Pb,H]) = 0 (110)
and
δab(H,Z) = ([Ba,Pb],Z) = (Ba, [Pb,Z]) = 0, (111)
so that (H,−) = 0. The trivial central extensions of so(D+ 1, 1), so(D+ 2) and so(D, 2) do admit invariant inner
products by taking the Killing form on the simple factor and some non-zero value for (Z,Z).
Finally, we treat the centrally extended Newton algebras. The two cases are very similar, so we give details
only for the case of the lorentzian algebra (89). Let (−,−) be an associative symmetric bilinear form. We show
that (Ba,−) = 0, so that it is degenerate. First of all, by rotational invariance, (Ba,H) = (Ba,Z) = 0. Let us
calculate the others (in abbreviated notation)
(B,B) = ([H,B],B) = (H, [B,B]) = 0
(B,P) = ([R,B],P) = (R, [B,P]) = (R,Z) = 0.
(112)
The euclidean case (104) is similar. In summary, only the trivial central extensions of the simple kinematical
Lie algebras so(D+ 1, 1), so(D+ 2) and so(D, 2) admit invariant inner products.
5. Deformations of the centrally extended static kinematical Lie algebra with D = 4
In this section g˜ denotes the universal central extension of the static kinematical Lie algebra for D = 4.
As in the non-centrally extended case, D = 4 is slightly more complicated due to the semisimplicity of the
rotation subalgebra so(4) ∼= so(3) ⊕ so(3). The notation is as in Section 3, in particular we shall let R±ab :=
1
2
(
Rab ± 12abcdRcd
)
span r ∼= so(4) and Ba,Pa,H,Z span the ideal h˜ of g˜. As usual we choose the canonical
dual basis βa,pia,η, ζ for h˜∗.
The non-zero Lie brackets in that basis are given by
[R±ab,R
±
cd] = [Rab,Rcd]
±
[R±ab,Bc] =
1
2 (δbcBa − δacBb ∓ abcdBd)
[R±ab,Pc] =
1
2 (δbcPa − δacPb ∓ abcdPd)
[Ba,Pb] = δabZ.
(113)
5.1. The Chevalley–Eilenberg complex. We apply the Hochschild–Serre decomposition theorem to calculate
the infinitesimal deformations from the r-invariant subcomplex C• := C•(h˜; g˜)r.
We now proceed to enumerate bases for the spaces of cochains, noting thatC0 is spanned byH and Z. The di-
mensions ofC1,C2 andC3 are 8, 18 and 32, respectively, as can be checked using a roots and weights calculation.
Natural bases are tabulated below.
Table 13. Basis for C1(h˜; g˜)r
a1 a2 a3 a4 a5 a6 a7 a8
ηH ηZ ζH ζZ βB βP piB piP
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Table 14. Basis for C2(h˜; g˜)r
c1 c2 c3 c4 c5 c6 c7 c8 c9
ηζH ηζZ ηβB ηβP ηpiB ηpiP ζβB ζβP ζpiB
c10 c11 c12 c13 c14 c15 c16 c17 c18
ζpiP βpiH βpiZ 12ββR
+ 1
2ββR
− βpiR+ βpiR− 12pipiR
+ 1
2pipiR
−
Table 15. Basis for C3(h˜; g˜)r
b1 b2 b3 b4 b5 b6 b7 b8
ηζβB ηζβP ηζpiB ηζpiP ηβpiH ηβpiZ ηββR+ ηββR−
b9 b10 b11 b12 b13 b14 b15 b16
ηβpiR+ ηβpiR− ηpipiR+ ηpipiR− ζβpiH ζβpiZ ζββR+ ζββR−
b17 b18 b19 b20 b21 b22 b23 b24
ζβpiR+ ζβpiR− ζpipiR+ ζpipiR− βpiβB βpiβP βpipiB βpipiP
b25 b26 b27 b28 b29 b30 b31 b32
βββR+ βββR− ββpiR+ ββpiR− βpipiR+ βpipiR− pipipiR+ pipipiR−
The Chevalley–Eilenberg differential ∂ : Cp → Cp+1 is defined on generators by
∂η = ∂βa = ∂pia = ∂H = ∂Z = 0 (114)
and
∂R±ab =
1
2 (βaBb − βbBa + piaPb − pibPa ± abcd(βcBd + picPd))
∂Ba = −piaZ
∂Pa = βaZ
∂ζ = −βapia.
(115)
The Chevalley–Eilenberg differential ∂ : C1 → C2 is given on the basis by
∂a1 = ∂a2 = ∂a6 = ∂a7 = 0, ∂a5 = ∂a8 = c12, ∂a4 = −c12 and ∂a3 = −c11, (116)
from where we see that B2 = R 〈c11, c12〉. The differential ∂ : C2 → C3 is given on the basis by
∂c1 = b5
∂c2 = b6
∂c3 = −b6
∂c4 = 0
∂c5 = 0
∂c6 = −b6
∂c7 = −b14 − b21
∂c8 = −b22
∂c9 = −b23
∂c10 = −b14 − b24
∂c11 = 0
∂c12 = 0
∂c13 = −
1
2b22 +
1
4 (b25 + b28)
∂c14 = −
1
2b22 −
1
4 (b25 + b28)
∂c15 =
1
2 (b21 − b24 + b27 + b30)
∂c16 =
1
2 (b21 − b24 − b27 − b30)
∂c17 = −
1
2b23 +
1
4 (b29 + b32)
∂c18 = −
1
2b23 −
1
4 (b29 + b32)
(117)
The last piece of data that we need is the Nijenhuis–Richardson bracket [[−,−]] : C2 × C2 → C3. Table 16
collects the calculations of ci • cj, from where we can read off [[ci, cj]] by symmetrisation.
5.2. Infinitesimal deformations. From the action of the Chevalley–Eilenberg differential ∂ on C2, described in
Equation (117), we find that
Z2 = B2 ⊕ R 〈2c2 + c3 + c6〉 ⊕ R 〈c3 − c6, c4, c5〉 ⊕ 〈c7 − c10 + c15 + c16, c8 − c13 − c14, c9 + c17 + c18〉 . (118)
Therefore the most general infinitesimal deformation can be parametrised as
ϕ1 = t1(2c2 + c3 + c6) + t2(c7 − c10 + c15 + c16)
+ t3(c8 − c13 − c14) + t4(c9 + c17 + c18) + t5(c3 − c6) + t6c4 + t7c5. (119)
5.3. Obstructions. The first obstruction is the class in H3 of 12 [[ϕ1,ϕ1]] = ϕ1 •ϕ1, which we can calculate from
the explicit expression for the Nijenhuis–Richardson • product given in Table 16. Doing so, we find that that
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Table 16. Nijenhuis–Richardson •
• c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 c11 c12 c13 c14 c15 c16 c17 c18
c1 0 0 b1 b2 b3 b4 0 0 0 0 0 0 0 0 0 0 0 0
c2 0 0 0 0 0 0 b1 b2 b3 b4 0 0 0 0 0 0 0 0
c3 0 0 0 0 0 0 b1 b2 0 0 b5 b6 b7 b8 b9 b10 0 0
c4 0 0 0 0 0 0 0 0 b1 b2 0 0 0 0 b7 b8 b9 b10
c5 0 0 0 0 0 0 b3 b4 0 0 0 0 b9 b10 b11 b12 0 0
c6 0 0 0 0 0 0 0 0 b3 b4 b5 b6 0 0 b9 b10 b11 b12
c7 0 0 −b1 −b2 0 0 0 0 0 0 b5 b6 b15 b16 b17 b18 0 0
c8 0 0 0 0 −b1 −b2 0 0 0 0 0 0 0 0 b15 b16 b17 b18
c9 0 0 −b3 −b4 0 0 0 0 0 0 0 0 b17 b18 b19 b20 0 0
c10 0 0 0 0 −b3 −b4 0 0 0 0 b13 b14 0 0 b17 b18 b19 b20
c11 b13 b14 b21 b22 b23 b24 0 0 0 0 0 0 0 0 0 0 0 0
c12 −b5 −b6 0 0 0 0 b21 b22 b23 b24 0 0 0 0 0 0 0 0
c13 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c17 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c18 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ϕ1 • ϕ1 vanishes in cohomology if and only if it vanishes on the nose, and this happens if and only if the
following quadric equations hold:
0 = 2t1t2 − t3t7 + t4t6
0 = t1t3 + t3t5 − t2t6
0 = t1t4 − t4t5 + t2t7.
(120)
If they are satisfied and since [[ϕ1,ϕ1]] = 0, we can take ϕ2 = 0 and the deformation integrates already to first
order.
We now observe that since R+ + R− = R, and the sums of cochains appearing in ϕ1 are
c13 + c14 =
1
2ββR c15 + c16 = βpiR and c17 + c18 =
1
2pipiR, (121)
the expression (119) above for ϕ1 coincides mutatis mutandis with the one in Equation (71). Furthermore the
conditions (120) and (72) are identical, so that the rest of the analysis proceeds as in the case D > 5. As in that
case, here too the only Lie algebras admitting an invariant inner product are the trivial central extensions of the
simple kinematical Lie algebras.
6. Summary and conclusions
Deformation theory provides a powerful and systematic approach to classifying Lie algebras. When the
Lie algebras in question have a “sizeable” semisimple subalgebra, the calculations are particularly tractable
due to the Hochschild–Serre spectral sequence, which guarantees that we can work with a quasi-isomorphic
subcomplex of the deformation complex which is typically much smaller.
In this paper we have applied these techniques to classify kinematical Lie algebras in dimension D + 1 for
D > 3 (up to isomorphism) by classifying deformations of the static kinematical Lie algebra g. The Lie algebra
g admits a universal central extension g˜ and we have classified its deformations as well. This gives rise to a
number of extensions (trivial, central and non-central) of deformations of g.
Let us summarise the results obtained in this paper. First of all we summarise the kinematical Lie algebras.
It is convenient to tabulate them to ease comparison with the classical results forD = 3 and also with the results
forD = 2 [4]. Table 17 lists the isomorphism classes of kinematical Lie algebras. In some cases we have changed
basis to bring the Lie algebra to a more familiar form. Comparing with Table 1 in [3] or Table 1 in [1], we see that,
unsurprisingly, there are some kinematical Lie algebras inD = 3 which do not exist inD > 4. Those additional
D = 3 Lie algebras owe their existence to the so(3)-invariant vector product R3 × R3 → R3, which is absent in
D > 3. (There is a vector product in R7, but it is not invariant under so(7) but only under a g2 subalgebra.)
Comparing with Table 1 in [4], we see that also in D = 2 there are additional kinematical Lie algebras which
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owe their existence this time to the symplectic structure on R2. (There is a symplectic structure on RD for any
even D, but only for D = 2 it is so(D)-invariant.)
Table 17. Kinematical Lie algebras in D+ 1 dimensions for D > 3
Eq. Nonzero Lie brackets Comments Metric?
5 static
22 [H,B] = P galilean
20 [H,B] = γB [H,P] = P γ ∈ (−1, 1]
20 [H,B] = −B [H,P] = P lorentzian Newton
23 [H,B] = B+ P [H,P] = P
21 [H,B] = αB+ P [H,P] = αP− B α > 0
21 [H,B] = P [H,P] = −B euclidean Newton
32 [B,P] = H Carroll
36 [H,P] = B [B,P] = H [P,P] = R p
36 [H,P] = −B [B,P] = H [P,P] = −R e
34 [H,B] = B [H,P] = −P [B,P] = H+ R so(D+ 1, 1) X
35 [H,B] = −P [H,P] = B [B,P] = H [B,B] = R [P,P] = R so(D, 2) X
35 [H,B] = P [H,P] = −B [B,P] = H [B,B] = −R [P,P] = −R so(D+ 2) X
As shown in Section 2.6, only the simple Lie algebras in this list (i.e., so(D + 1, 1), so(D + 2) and so(D, 2))
admit an associative (i.e., ad-invariant) inner product. This is in sharp contrast with D 6 3, where there are a
number of non-simple metric kinematical Lie algebras.
Next we summarise the deformations of the central extension of the static kinematical Lie algebra withD > 4.
Table 18 lists the isomorphism classes of these deformations with an identifying comment as to their structure
or their name, when known. All of these Lie algebras share the following Lie brackets (in abbreviated notation):
[R,R] = R [R,B] = B [R,P] = P [R,H] = 0 and [R,Z] = 0. (122)
In the table we only list any additional non-zero brackets. In some cases we have changed notations (H for Z
and B for P) for the sake of uniformity. The table is divided into three: the top third consists of (non-trivial)
central extensions, the middle third of trivial central extensions and the bottom third of non-central extensions
of kinematical Lie algebras.
Comparing with Table 2 in [1], we see that contrary to the deformations of the static kinematical Lie algebra
(without central extension), the results inD = 3 aremutatismutandis the same asD > 3. The similar classification
inD = 2 does not exist: the universal central extension of theD = 2 static kinematical Lie algebra has five central
generators and not just one.
Table 18. Deformations of the centrally extended static kinematical Lie algebra in D > 3
Eq. Nonzero Lie brackets Comments Metric?
58 [B,P] = Z centrally extended static
89 [B,P] = Z [H,B] = B [H,P] = −P central extension of lorentzian Newton
104 [B,P] = Z [H,B] = P [H,P] = −B central extension of euclidean Newton
98 [B,P] = Z [H,B] = −P Bargmann
79 [B,P] =H [H,B] = P [B,B] = R e⊕R
79 [B,P] =H [H,B] = −P [B,B] = −R p⊕R
77 [B,P] =H+R [H,B] = B [H,P] = −P so(D+ 1,1)⊕R X
82 [B,P] =H [H,B] = P [H,P] = −B [B,B] = R [P,P] = R so(D+ 2)⊕R X
82 [B,P] =H [H,B] = −P [H,P] = B [B,B] = −R [P,P] = −R so(D, 2)⊕R X
74 [B,P] = Z [H,B] = B [H,P] = P [H,Z] = 2Z
86 [B,P] = Z [H,B] = γB [H,P] = P [H,Z] = (γ+ 1)Z γ ∈ (−1,1)
101 [B,P] = Z [H,B] = B [H,P] = B+P [H,Z] = 2Z
107 [B,P] = Z [H,B] = αB+P [H,P] = −B+αP [H,Z] = 2αZ α > 0
93 [B,P] = Z [Z,B] = −P [H,P] = P [H,Z] = Z [B,B] = R co(D, 1)nRD,1
93 [B,P] = Z [Z,B] = P [H,P] = P [H,Z] = Z [B,B] = −R co(D+ 1)nRD+1
As in the case of kinematical Lie algebras, the only Lie algebras in this table which admit an invariant inner
product are the trivial central extensions of the simple kinematical Lie algebras. This agrees with the results
for D = 3 as well. We suspect that the case of D = 2 will provide us with some non-simple metric Lie algebras,
but we have not classified those deformations yet.
Acknowledgments
This research is partially supported by the grant ST/L000458/1 “Particle Theory at the Higgs Centre” from
the UK Science and Technology Facilities Council.
18 JOSE´ M. FIGUEROA-O’FARRILL
References
[1] J. M. Figueroa-O’Farrill, “Kinematical Lie algebras via deformation theory,” arXiv:1711.06111 [hep-th].
[2] J. M. Figueroa-O’Farrill, “Deformations of the Galilean algebra,” J. Math. Phys. 30 (1989), no. 12, 2735–2739.
[3] H. Bacry and J. Nuyts, “Classification of ten-dimensional kinematical groups with space isotropy,” J. Math. Phys. 27 (1986), no. 10,
2455–2457.
[4] T. Andrzejewski and J. M. Figueroa-O’Farrill, “Kinematical Lie algebras in 2+ 1 dimensions,” arXiv:1802.04048 [hep-th].
[5] J. M. Figueroa-O’Farrill, “Classification of kinematical Lie algebras,” arXiv:1711.05676 [hep-th].
[6] L. Bianchi, “Sugli spazi a tre dimensioni che ammettono un gruppo continuo di movimenti,” Memorie di Matematica e di Fisica della
Societa Italiana delle Scienze, Serie Terza, Tomo XI (1898) 267–352.
[7] R. Campoamor-Stursberg and M. Rausch de Traubenberg, “Kinematical superalgebras and Lie algebras of order 3,” J. Math. Phys. 49
(2008) 063506, arXiv:0801.2630 [hep-th].
[8] A. Nijenhuis and R. W. Richardson, Jr., “Deformations of Lie algebra structures,” J. Math. Mech. 17 (1967) 89–105.
[9] C. Chevalley and S. Eilenberg, “Cohomology theory of Lie groups and Lie algebras,” Trans. Am. Math. Soc. 63 (1948) 85–124.
[10] G. Hochschild and J.-P. Serre, “Cohomology of Lie algebras,” Ann. of Math. (2) 57 (1953) 591–603.
Maxwell Institute and School of Mathematics, The University of Edinburgh, James Clerk Maxwell Building, Peter Guthrie Tait
Road, Edinburgh EH9 3FD, United Kingdom
Email address: j.m.figueroa@ed.ac.uk
